Abstract. Sphere eversions have been described so far by either pictures with minimal topological complexity, numerical evolution or complex equations. We write down relatively simple explicit formulas for the whole eversion, both analytic and topologically simpler, including also Boy surface (real projective plane). We show their usefulness in visualizing the process using commonly available modeling software.
Introduction
Over 50 years ago Smale proved that a sphere (S 2 in space R 3 ) can be everted in continuous way [1] . More precisely the set of all sphere immersions, smooth functions r → R( r) for R ∈ S 2 is connected. Since R( r) = − r is an immersion, it means that the sphere can be continuously turned inside out, without crease, although allowing for self-intersections, with some continuous R( r, t) such that R( r, t − ) = r and R( r, t + ) = − r (t can be thought of as time). Unfortunately, the Smale's proof gives little hint how to visualize the process. Only later detailed models of eversion [2, 3, 4, 5, 6, 7, 8, 9] , including discussion of critical points and halfway models [4, 5, 10] , appeared. Computer era offered new tools of presentation [11, 12] , like numerical evolving from a halfway model [13] . The list of very clever approaches to sphere eversion is left open [14, 15, 16] .
Both numerical and pictorial approaches lack full analyticity, achieved only in the original proof [1] and Morin model [3] (and halfways [10, 12, 13] ). Morin model fails to keep the minimum number of topological events, achieved in contrast in numerical and pictorial models [4, 5, 10, 13] but without analytic proof. Here we close this gap, by presenting a set of formulas to describe the complete eversion process in the topologically simplest way. The formulas are maximally simplified and shown to preserve expectations from eversion: smoothness and the simplest set of critical topological events. They are also useful in modeling of the eversion by commonly available computer software (here we used Mathematica).
Our work is organized as follows. We first recall basic topological events inevitable in sphere eversion. Then we show how to evert a wormhole (not yet a sphere), discussing all relevant features, with the critical halfway surface. Next we transform the wormhole into a sphere by a kind of inverse 
Topological events
We set the workspace as ( r, t) ∈ R 3 × R with r = (x, y, z) and time t. It is known that the sphere eversion must go through certain special points related to self-intersections, although just specifying these points is insufficient. Nevertheless, to understand the complexity of eversion, one should be able to capture these points. The points represent equivalence classes for surfaces modified smoothly in the arbitrarily small neighborhood of the point. Therefore the precise shape of the surface is irrelevant.
Following previous studies [4, 5, 10], we start with description of the point D 0 and D 2 (D stands for double), depicted in Fig. 1 . This is essentially the same point but traversed forwards and backwards, respectively, when changing t. Precisely, we have one surface z = 0 and the second one moving as z = x 2 + y 2 − t. For t < 0 the surfaces do not intersect, for t = 0 the touch in one point (0, 0, 0) and for t > 0 the intersect at the loop z = 0, x 2 + y 2 = t. The point D 0 denotes moving from t < 0 to t > 0 and D 2 viceversa. Therefore D 0 (D 2 ) is a birth (death) of self-intersection loop. Another important point is D 1 , the saddle, Fig. 2 . Here again one surface is fixed, z = 0 while the second is moving, z = xy − t. The intersection equation xy = t and z = 0 gives two disjoint hyperbolas for t = 0 and two straight lines x = 0 and y = 0 at t = 0. The point D 1 allows to switch between two intersection lines.
Other D-type events can occur in combination of D 0/2 and D 1 events, e.g. D 01 or D 21 , between no intersections and two disconnected intersections. It is realized by a fixed surface z = 0 and the moving one z = x 2 − y 2 + t(1 + x 2 + y 2 )(x 2 + y 2 ) at t = ±1.
The next important point is birth (death) of triple points T ± (three smooth surfaces usually can intersect in one point). We can have two fixed surfaces |x| = |y| and one moving x = z 2 − t. For t < 0 we have two disjoint moving intersection parabolas ±y = x = z 2 − t (and fixed intersection line at x = y = 0). At t = 0 the parabolas touch each other and the line at (0, 0, 0). At t > 0 the parabolas and the line intersect at two triple points x = 0 = 0, z = ± √ t. Therefore T + (T − ) describes movement from t < 0 to t > 0 (viceversa) and essentially means birth (death) of a pair of triple points (they must always come in pairs), Fig. 3 .
The last critical point is the situation when four surfaces meet at a single point. Although it is uncommon in a stationary immersion, we need this point in the dynamics (t-dependence) of sphere eversion at the halfway moment. The point can be described e.g. taking three fixed surfaces, say x = 0, y = 0 and z = 0 and one moving, e.g. x + y + z = t. Then only at t = 0 all the four meet at (0, 0, 0). This point, called Q (quadruple) is inevitable in sphere eversion [17, 18] , Fig. 4 .
One can encode a sphere eversion by specifying subsequent topological events, occurring during the eversion process, although the encoding is not sufficient to describe the complete eversion. The most known encoding is as follows [5, 10] . One starts with two D 0 (order irrelevant), then two T + (order irrelevant). The halfway moment corresponds to Q and four D 1 (order irrelevant) and one additional D 1 which is rather independent and can be put anywhere between the first D 0 and the last D 2 . The second half of the process is just reversing the former events. Namely, two T − and then two D 2 . The shall refer to this encoding in the analysis which follows.
Wormhole eversion
Before everting the complete sphere, we cut out the poles of the sphere and consider a cylinder, which we extend to infinity, similarly as done by Morin [3] . Let us take a very special immersion of such a cylinder, (h, φ) ∈ R × S 1 (here S 1 is parametrized with the period 2π). The immersion is given by Fig. 5 . It is quite clear that it there is no privileged side of the surface, making it the best candidate for a halfway model, in the middle of the eversion. In Appendix A we show that this surface smooth and in B we show that it is sextic (degree 6). The surface contains also critical topological events: (with ϕ covering interval of length 4π), depicted in Fig. 6 . The projection of this curve onto xy plane is known as quadrifolium or four-leaved clover (rose curve of order 2). Now we generalize this surface into a time dependent one (still sextic, Appendix B)
The surface captures several other topological events, depicted in Fig. 7 and 8. We have D 0 = D 2 = (0, 0, 0) at t = ±1. The points T ± occur at t = ±( √ 17 − 3)/2 ±0.56. They are located at z = 0 and x = −y = ±( √ 17 − 5)/2 √ 2 at T + while and at are x = y = ±(
The surface for |t| > 1 resembles more less a wormhole and has simple selfintersections, see Fig. 9 . We only need to transform it into a sphere and find the remaining triple D 0 , D 1 and D 2 .
Unfolding the wormhole
Towards full eversion we need to free the surface from self-intersections. To this end we further generalize (3) into (4) (t cos φ + (p − h) sin φ, t sin φ + (p + h) cos φ, h sin 2φ − (t/2) cos 2φ − qth) with q ≥ 0. It is smooth (Appendix A), sextic (Appendix B) and has regular self-intersections (Appendix D). We start from |t| > 1 (fixed), p = 1 and q = 0 to end at p = 0, qt = ±1, namely 
Inversion
We will close the wormhole at infinity with help of stereographic projection [3] . The wormhole is mapped as follows. We add damping at large distances for smoothness
with some ξ, η ≥ 0 (for |t| ≤ 1 we keep ξ > 0) and then
for α, β ≥ 0 and γ = 2 √ αβ. Both mappings are smooth and C ∞ class (see Appendix E), except the case α = 0 and ξ = 0 for |t| ≤ 1. The (geometric) mean radius of the inversion sphere is γ −1 . The case ξ = 1, η = 0, α = 1, β → 0 corresponds to original open wormhole. Although one could replace (7) by e.g. a standard inversion r = ( r − r 0 )/| r − r 0 | 2 for some r 0 away from the wormhole (preferably on z axis) we stick to (7) which preserves inversion symmetry. To close the wormhole we need η, β > 0, α, β, ξ, η can depend on t and we want β = 1, α = 0, ξ = 0, in the final stage, meaning inversion of xy plane,
One can see that the points h → ±∞ are mapped onto
The surface is smooth at this point (see Appendix E). Now we can take the smooth limit α → 0, β → 1, ξ → 0 (we have |t| > 1). leading to x → x /(x 2 + y 2 ) and 
, which completes the inversion process.
The inverted stages t = 0, t = 3/2 and q = 2/3 are depicted in Figs. 11, 12, 13.
Unfolding the sphere
From the end of inversion (9), we only need to change z or z while keeping constant x, y or x , y . We obtained almost a sphere, except that it is squeezed and twisted.
As out goal is the traditional S 2 unit sphere is given by the equation | r| 2 = x 2 + y 2 + z 2 = R 2 (with radius R), we will parametrize it by φ ∈ [−π, π] (periodic) and θ ∈ [−π/2, π/2], and map onto the wormhole, φ = φ, Figure 13 . The inversion at t = 3/2, α = 1, β = 1/25, q = 2/3, ξ = η = 1, λ = 1, ω = 2, Viewpoints as in Fig. 11 h = ω sin θ/ cos 2 θ, with some ω = 0 (strictly monotonic). As we show in Appendix F, the mapping is smooth also at the poles, θ = ±π/2.
In the last step we start from x , y given by (9) parameterized by θ, φ,
corresponding to
is a growing function of cos 2 θ (see Appendix F). Finally,
For λ = 1 we recover previous stage (5) while λ = 0 is the final sphere of radius η 1/4 |t| −1/2 . As shown in Appendix F the mapping is smooth.
Generalization including Boy surface
Equations for the halfway (1) and for the central eversion step (3) have simple generalization (15) (sin(n − 1)φ − h sin φ, cos(n − 1)φ + h cos φ, h sin nφ) 
respectively, for n = 2, 3, ... The surface is always smooth. For odd n in (15), h → −h, φ → φ + π gives the same point but opposite oriented. The case n = 2 is obtained for (1) and (3). The case n = 3 of (15) gives Boy surface (can be easily closed at infinity), see Fig. 14. The Boy surface is an smooth immersion of real projection plane (S 2 with r ≡ − r) in R 3 , also paramterized by Morin [3] with n = 3. It is not orientable, has a single triple point at (0, 0, 0) and trifolium selfintersection. For each n ≥ 2 one can use (16) to perform central step of sphere eversion. This is true even in the case n = 3 where t = 0 means two overlapping Boy surfaces. The (Boy) surface at n = 3 is quintic (degree 5). We prove all properties in Appendix G. The Boy surface (n = 3) can be smoothly closed using substitution h = ω sin θ/ cos 3 θ transformation
instead of (6) and then (7), see Fig. 16 .
Summary
We have formulated the complete sphere eversion process in terms of direct analytic parameterization, given in (3, (4), (5), (11) and (14) with mappings (6) and (7), keeping minimum of topological events, generalized also to Boy surface. The process can be elegantly visualized in any computer modeling software with variable parameters t, q, ξ, η, α, β, λ, ω. We presented the suggested variation of these parameters in computer visualization in Table  1 . The process could be read from the bottom to the top for t < 0 and (17) and (7) with ξ = η = 1, ω = 2, α = 1, β = 1/4 viewed as in Fig. 5 . Table 1 . Suggested values of parameters used in visualization of complete sphere eversion, with Q < 1 back from the top to the bottom for t > 0. Between stages we change linear the only parameters differing in subsequent rows. Parameters β and ω are arbitrary positive and p = 1− |qt|. In the top stage we change t linearly from −1/Q to +1/Q with Q < 1, e.g. Q = 2/3. Some stages can be combined if we keep the parameters within smoothness ranges (we gave earlier them explicitly). We also believe the presented equations will help in 3D modeling of sphere eversion in a simple, controlled and clear way.
Appendix A. Smoothness of the wormhole
In order to show smoothness of (4) we need to calculate tangent vectors and show that their cross product (normal) is never zero. We have two tangent vectors r h = ∂ h r and r φ = ∂ φ r, equal r h = (− sin φ, cos φ, sin 2φ − qt), (18) r φ = ((p − h) cos φ − t sin φ, t cos φ − (p + h) sin φ, 2h cos 2φ + t sin 2φ)
and n = (n x , n y , n z ) = r h × r φ with
Note that n does not depend on t if q = 0. Now n z = 0 when h = p cos 2φ, which plugged into n x,y gives
The expression
which is the condition we impose on p, q, t.
Appendix B. Halfway equation and self-intersection
We will derive surface and self-intersection equations by transforming the parametric form (1) . Comparing xy with z we get
From trigonometric unity cos 2 φ + sin 2 φ = 1 we have
Replacing the right hand side with(23) we get
Both (23) and (26) are quadratic equations with respect to h. Eliminating h leads to an equation for the surface. If h is a common root of two quadratic equations
which reduces to the surface of degree 6
However, to find the intersection note that both equations must have the same set of roots (they always exist as for (23) ∆/4 = x 2 y 2 + z 2 ≥ 0).
Quadratic equations
3 Discarding x, y = 0 it simplifies to
It is more transparent in polar coordinates (r, ϕ) with x = r cos ϕ, y = r sin ϕ, where r = √ 2 cos 2ϕ (quadrifolium) and finally 2z = − sin 4ϕ. Note that r here can be negative and ϕ covers interval of length 4π.
The points of intersection of the quadrifolium with x and y axes (ϕ = 0, ±π/2, π and r = √ 2, z = 0) define D 1 points. For an arbitrary t the surface (3) is still sextic (degree 6). To show it we combine (3) to A = 2xy = 2th cos 2φ + (1 + t 2 − h 2 ) sin 2φ + 2t,
Eliminating linearly sin and cos we get
On the other hand finding sin 2φ and cos 2φ from (32) and plugging them into z = h sin 2φ − (t/2) cos 2φ we get
Now h must be a common root of (33) and (34) so the greatest common divisor of polynomials in h must be of degree at least 1. Applying Euclidean algorithm, dividing polynomials (33) (degree 4) by (34) (degree 3), then (34) by the remainder (degree 2), and finally both remainders (one of degree 1), the result is of degree 0 so it must vanish. The algorithm can be easily performed by Mathematica, and the result (without common factors) is the final surface equation
The surface remains sextic for (4) when we subtract qht from z (p = 1 by scaling for simplicity). Then we only need to zeplace z by z + qht in (34) to get a rather long result 
Appendix C. Determining T ± events and triple points
The value of t corresponding to events T ± for (3) can be found with help of symmetry of the surface. Namely, the T points must be located at x = y or x = −y and z = 0 and be common for 3 different points (h, φ). One family of such points is given by h = 0 and φ = ±π/4, ±3π/4. We now only need to find a different family mapping to the same r. The condition z = 0 means 2h = t cot 2φ. Let us first consider x = y which means (37) (t − 1)(cos φ − sin φ) = h(cos φ + sin φ) equivalent to (38) (t − 1) cos ψ = h sin ψ = −t cos ψ sin 2 ψ cos 2ψ
with ψ = φ + π/4. Discarding the case cos ψ = 0 we obtain
cos 2ψ and
On the other hand the point must match the other family with x = y = ±(t + 1)/ √ 2 so (41) x + y = ±(t + 1) √ 2 = (t + 1)(sin φ + cos φ) + h(cos φ − sin φ) equivalent to (42) ± (t + 1) = (t + 1) sin ψ + h cos ψ.
Substituting h we get (43) ± (t + 1) = sin ψ(t + 1 − t cos 2 ψ/ cos 2ψ) = t sin ψ.
Squaring yields
We combine it with (40) to get
and finally (2 − t)(t + 1) 2 = t 2 (1 − t) equivalent to t 2 − 3t − 2 = 0. From the two solutions 2t = 3 ± √ 17 we have to exclude t > 0 because then sin 2 ψ = (1 + t −1 ) 2 > 1 and we are left with t = (3 − √ 17)/2. For x = −y the analysis is analogous and yields opposite t = ( √ 17 − 3)/2. We shall also show how to find triple points (intersections of three parts of the surface) between T ± events. From (3) we get
It is clear that three different values of h must correspond to a triple point From trigonometric unity sin 2 + cos 2 = 1 and opening brackets we get equations
Let us parametrize x = √ w cos(ψ/2), y = √ w sin(ψ/2) with w ≥ 0. Then the above equations reduce to
and
By transformation ψ → π − ψ, h, z → −h, −z and ψ → ψ + 2π we get 4 triple points from a single one. Comparing left hand sides we get
This cubic equation in h must have all 3 roots at triple point (no nontrivial quadruple point occurs). Since quartic equation (50) must have the same roots (52) is its divisor. There must exist numbers A, B such that
for all h. Then all coefficients of both sides must be equal. It leads to 5 equations (55) A sin ψ = 1,
where we denoted w = w + Bz and z = Az. Replacing 2(t 2 − 1) by 2(t 2 −1)A sin ψ and (t 2 −1) 2 by (t 2 −1) 2 A sin ψ, equations (56), (57), (58) and (59) 
vanishes (here s = sin ψ). The determinant is of dergee 4 in s and 6 in t. For t = 0 it reduces to −s 4 . For t = 0 it has two roots, s + > 0 and s − < 0. To show this, note that it goes to −∞ at s → ±∞ and it is positive at s = 0. They are the only roots. It follows from the fact that there is only one local maximum because the first derivative
has only one root. From Cardano method the cubic equation
For s = ±1 (61) reduces to (t ∓ 2)(t ∓ 1) 3 (t 2 ∓ 3t − 2) allowing to recover once again T ± events. From continuity, the triple point between Q and T events will correspond to only one of the roots, with ts < 0. We discard the other root, which is the easiest to prove from continuity. That other root will remain between 0 and 1 for t ∈]0, 1[ (the case of negative t is analogous). For t = 1 we have s = 1 but then A = 1, w = 0 and z = −B giving w = −B 2 so B = 0 = w. In addition, triple points can disappear only in pairs. We have already found T ± events. The only left possibility of pair disappearance is at z axis, namely (0, 0, z) corresponding to w = 0. For w = 0 and t = 0 our equations reduce to h = ± √ 1 − t 2 , cot φ = (h − 1)/t and
The last fraction is different for different signs of h except h = ±1 but then t = 0. For the same h there are only two inequivalent φ and π + φ giving the same z, so there is no new T ± event nor other triple points by continuity.
Appendix D. Self-intersections in general
General intersection lines can be derived as follows. Let two different pairs (h 1 , φ 1 ) and (h 2 , φ 2 ) map to the same point (x, y, z) Then (4) gives
Subtracting middle and right hand sides we get
Adding middle and right hand sides we get
Let us introduce 2h ± = h 1 ± h 2 and 2φ ± = φ 1 ± φ 2 so that
cos φ 1 + cos φ 2 = 2 cos φ + cos φ −, cos φ 1 − cos φ 2 = −2 sin φ + sin φ − , sin 2φ 1 ± sin 2φ 2 = 2 sin 2φ ± cos 2φ ∓ , cos 2φ 1 − cos 2φ 2 = −2 sin 2φ + sin 2φ − ,
2h + sin 2φ − cos 2φ + + 2h − sin 2φ + cos 2φ − = −t sin 2φ + sin 2φ − + 2qth − and
Combining two first equations of (69) we get
If sin φ − = 0 then h − = 0 meaning that the points are the same (modulo 2π for φ) so we will require that sin φ − = 0 so that h + = p cos 2φ + . If cos φ − = 0 then t = p sin 2φ + and the third line of (69) reduces to th − (1/p − qt) = 0 if p = 0 (if p = 0 then t = 0). We will assume pq|t| < 1. For t = 0 (then p = 0) we get arbitrary h − and φ 1 = 0, φ 2 = π, h + = −1 or φ 1 = π/2, φ 2 = −π/2, h + = 1 (or 1 ↔ 2) this corresponds to trivial intersections at x and y axes. For t = 0 we get h − = 0, x = y = 0 and z = p(sin 4φ + /4 + 2qt) (for |t| ≤ p). Plugging into (19) on can check directed that the normals are not parallel, except the case |t| = 1 (D 0,2 point). From now on we assume cos φ − = 0 so that (71) plugged into third line of (69) 
and finally
y cos φ − = 2p cos φ + cos 2 φ − + sin φ + (t − p sin 2φ + ), 2z = p sin 4φ + − t cos 2φ + (1 + cos 2 φ − ) + 2qtp cos 2φ + , (74) or x cos φ − = −p cos φ + sin 4φ + /2 + t cos φ + (1 − 2 sin φ 2 + sin 2 φ − ),
Now we can keep φ + as an independent variable (pS + t)((t 2 + 4pqt 2 )S 2 + 4p(p + tS)(1 − S 2 ) + 4p 2 q 2 t 2 ) (S − qt)(2p + St)
withq = qt. We will show that, under certain condition, the above expression is positive for t > 0 and S ∈ [0, 1] (without loss of generality). Then w = x 2 + y 2 is monotonic in S and there is no loop causing D 0/2 .
In each term of (79) the negative parts are located at the end. We will show that the other parts overrule the negativity, using Cauchy inequality a + b ≥ 2 √ ab and our assumptions, including |qt| < 1. In the first lineq(1+q 2 ) ≥ 2q 2 and 2q 2 + 2S 3 ≥ 4qS 3/2 ≥ 4qS 2 . In the second line 3S(2 + 4q 2 ) ≥ 4 √ 6qS. In the third line 4S + 4S 5 ≥ 8S 3 and 8S 3 + 12Sq 2 ≥ 8 √ 6qS 2 which is ≥ 13qS 2 and 6 + 4q 2 ≥ 4 √ 6q ≥ 8qS. In the last line 7S 4 + S 2 ≥ 2 √ 7S 3 and 2 √ 7S 3 + 7q 2 S 2 ≥ 2 3/2 7 3/4q S 5/2 ≥ 10qS 3 and 2 + 2q 2 ≥ 4qS 3 .
On the other hand for the case p = 1, q = 0, t ∈]0, 1] and sin 2φ + ∈ [t, 1] we can introduce g(k = tan φ + ) = y/x, with k > 0, given by
It follows from k 4 + 1 ≥ 2k 2 and 2tk 3 + 2tk ≥ 2tk 2 ≥ t 2 k 2 . So now y/x is monotonic in tan φ + . The loops can be only connected in 3 cases: sin 2φ + = t for p = 1 and q = 0, sin 2φ + = ±1, and sin 2φ + = −qt. In the first case from (73) we get (t 2 − 2) cos 2 φ − = 0 so cos φ − = x = y = 0, the case already considered (this is the main central loop with D 0/2 at (0, 0, 0)). In the last case x or y diverges. In the second case |x| = |y|. We will find all solutions of x = y (without loss of generality). From (77) we get (81) (cos φ + − sin φ + )(t sin 2φ + − 2pqt) = 2p(cos φ + + sin φ + ) cos 2φ + Definingφ = φ + + π/4 we have cos φ + − sin φ + = √ 2 cosφ, cos φ + + sin φ + = √ 2 sinφ, sin 2φ + = − cos 2φ, cos 2φ + = sin 2φ so that (82) cosφ(−t cos 2φ − 2pqt) = 2p sinφ sin 2φ.
One solution is cosφ = 0 corresponding to the second case. The other solution would require (83) − 2pqt = 2p(1 − cos 2φ) + t cos 2φ.
For t > 0 we have cos 2φ > 0 so equality is impossible. No other D point occurs.
Appendix E. Smoothness of closed wormhole
To show that the mappings (6) and (7) are smooth we will prove that their Jacobi matrices are nondegenerate, the Jacobian (determinant of derivatives) is nonzero. The Jacobi matrix of (6) in xyz basis is
whose determinant is equal
while the Jacobi matrix of (7) in x y z basis is (86)
with determinant e γz (α + β(x 2 + y 2 )) −2 .
We will show that the surface is smooth at D 1 = (0, 0, − α/β(α + β)), by changing parametrization h = ±1/H 2 , and alsox = H cos φ,ȳ = H sin φ (x 2 +ȳ 2 = H 2 ). We consider (4). Then
Note that ρ(x,ȳ) is smooth and equal 1 atx =ȳ =H = 0 which corresponds to h → ±∞. Moreover ρ = H 4 (ξ +η(x 2 +y 2 )) = H 4 ξ +ηρ = (x 2 +ȳ 2 ) 2 ξ +ηρ is also smooth and equal η atH = 0. Now
where the fraction is smooth and equal η 1/4 /β at H = 0. Front factors are
We can consider z a and z b separately (but for already combined x and y), z = ±H 2 sin 2φ − (H 4 t/2) cos 2φ ∓ qtH 2
The prefactor of z ,
is also smooth. The tangent vectors atx =ȳ = 0 are r x = (0, ±η 1/4 /β, 0) and r ȳ = (∓η 1/4 /β, 0, 0) so that normal is n = r x × r ȳ = (0, 0, η 1/2 /β 2 ). Note also the saddle-like shape of this point (in opposite z directions) disappearing at |qt| = 1.
Appendix F. Smoothness of sphere mapping
We will show that parameterizing h = ω sin θ/ cos 2 θ for θ ∈ [−π/2, π/2] also leads to smooth mapping. The proof only slightly differs from the previous Appendix. We introduce auxiliary sphere coordinates X = cos θ cos φ, Y = cos θ sin φ, Z = sin θ (X 2 + Y 2 + Z 2 = 1). To shorten notation we introduce C = cos 2 θ = X 2 + Y 2 . Analogously to the previous Appendix, we consider a general combination (4). Then
and R = C 2 (ξ + η(x 2 + y 2 )) = C 2 ξ + ηR. Now The projection onto xy plane is trifolium (− cos 2φ + sin 6φ + , sin 2φ + sin 6φ + ). The smoothness at the bottom (h → ∞) follows from parameterizing h = ω sin θ/ cos 3 θ for θ ∈ [−π/2, π/2]. As earlier, we introduce auxiliary sphere coordinates X = cos θ cos φ, Y = cos θ sin φ, Z = sin θ (X 2 + Y 2 + Z 2 = 1), C = cos 2 θ = X 2 + Y 2 . Taking (15) with n = 3, R = C 3 (x 2 + y 2 ) = (125)
and R = C 3 (1 + η(x 2 + y 2 )) = C 3 + ηR. Now from (17) and (7) x = xC We see that all the surface is smooth.
